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Abstract: - The symbol-error rate (SER) of a quadrature subbranch hybrid selection/maximal-ratio combining 
scheme for 1-D modulations in Rayleigh fading under employment of the generalized detector (GD), which is 
constructed based on the generalized approach to signal processing in noise, is investigated. At the GD, N dive-
rsity branches are split into 2N in-phase and quadrature subbranches. Traditional hybrid selection/maximal-ratio 
combining is then applied over 2N subbranches. M-ary pulse amplitude modulation, including coherent bi-nary 
phase-shift keying (BPSK), with quadrature subbranch hybrid selection/maximal-ratio combining is investigat-
ed. The SER performance of the GD under quadrature subbranch hybrid selection/maximal-ratio combining 
and hybrid selection/maximal-ratio combining schemes are investigated and compared with the conventional 
hybrid selection/maximal-ratio combining receivers. The obtained results show that the GD with quadrature su-
bbranch hybrid selection/maximal-ratio combining and hybrid selection/maximal-ratio combining schemes out-
perform the traditional hybrid selection/maximal-ratio combining receiver. Procedure of selecting the partial 
cancellation factor for the first stage of a hard-decision partial parallel interference cancellation of the GD emp-
loying in direct-sequence code-division multiple access (DS-CDMA) systems is proposed. A range of the opti-
mal partial cancellation factor, where the lower and upper boundary values can be explicitly calculated from the 
processing gain and the number of users of the DS-CDMA system, is derived based on the Price’s theorem. Co-
mputer simulation results confirmed that, using the average of these two boundary values as the partial cancell-
ation factor for the first stage, we are able to reach the bit error rate (BER) performance that is very close to the 
potentially achieved BER performance using the GD and surpasses the BER performance of the real partial ca-
ncellation factor for DS-CDMA systems discussed in literature. Channel estimation errors have to be taken into 
account under analysis of receiver in order to the system performance will be not degraded under practical cha-
nnel estimation. In this paper, we propose the GD, which takes the estimation error of maximum likelihood 
(ML) multiple-input multiple-output (MIMO) channel estimation and receiver spatially correlation into account 
in computation of the minimum mean square error (MMSE) GD and log-likelihood ratio (LLR) of each coded 
bit. Comparative analysis and simulation results show that the proposed MMSE GD can obtain sizable perform-
ance gain and outperforms the existing soft-output MMSE vertical Bell Lab Space Time (V-BLAST) detector 
and its modification versions. 
 
 
Key Words: - Generalized detector, Diversity combining, Symbol error rate, Fading channel, Hybrid selection/ 
maximal-ratio combining, Partial cancellation factor, Direct-sequence code-division multiple access (DS-
CDMA), Partial parallel interference cancellation (PPIC), Channel estimation, Channel correlation, MMSE, V-
BLAST detector. 
 
1   Introduction 
 
In this paper we investigate the generalized detector 
(GD), which is constructed based on the generalized 
approach to signal processing (GASP) in noise [1]–
[5], under quadrature subbranch hybrid selection/ma-
ximal-ratio combining for 1-D modulations in Rayle-
igh fading and compare its symbol error rate (SER) 
performance with that of the traditional hybrid selec-

tion/maximal-ratio combining scheme discussed in 
[6]. Also, we investigate the problem of selecting the 
partial cancellation factor for the first stage of a hard-
decision partial parallel interference cancellation of 
the GD employed by direct-sequence code-division 
multiple access (DS-CDMA) system. Additionally 
we take into account channel estimation errors under 
analysis of the GD in order to the DS-CDMA system 

WSEAS TRANSACTIONS on COMMUNICATIONS Vyacheslav Tuzlukov

ISSN: 1109-2742 718 Issue 7, Volume 8, July 2009

mailto:tuzlukov@ee.knu.ac.kr


                                                                                                                                                                                                      

performance will be not degraded at practical chann-
el estimation. 
   It is well known that the hybrid selection/maximal-
ratio combining receiver selects the L strongest sign-
als from N available diversity branches and coherent-
ly combines them [7]–[13]. In traditional hybrid sele-
ction/maximal-ratio combining scheme, the strongest 
L signals are selected according to signal-envelope 
amplitude [7]–[13]. However, some receiver implem-
entations recover directly the in-phase (I) and quad-
rature (Q) components of the received branch signals 
Furthermore, optimal maximum likelihood estimati-
on of the phase of a diversity branch signal is imple-
mented by first estimating the in-phase and quadratu-
re branch signal components and obtaining the signal 
phase as a derived quantity [14] and [15]. Other cha-
nnel estimation procedures also operate by first esti-
mating the in-phase and quadrature branch signal co-
mponents [16]–[18]. Thus, rather than N available si-
gnals, there are 2N available quadrature branch sign-
al components for combining.  
   In general, the largest 2L of these 2N quadrature 
branch signal components will not be the same as the 
2L quadrature branch signal components of the L 
branch signals having the largest signal envelopes. 
   In this paper, we investigate how much improvem-
ent in performance can be achieved by using the GD 
constructed in accordance with GASP [1]–[5] with 
modified hybrid selection/maximal-ratio combining, 
namely, with quadrature subbranch hybrid selection/ 
maximal-ratio combining and hybrid selection/maxi-
mal-ratio combining schemes, instead of the conven-
tional hybrid selection/maximal-ratio combining 
scheme for 1-D signal modulations in Rayleigh fad-
ing. 
   At the GD, the N diversity branches are split into 
2N in-phase and quadrature subbranches. Then the 
GD with hybrid selection/maximal-ratio combining 
scheme [19] is applied to these 2N subbranches. Ob-
tained results show that the better performance is ac-
hieved by this quadrature subbranch hybrid selection 
/maximal-ratio combining scheme in comparison 
with the traditional hybrid selection/maximal-ratio 
combining scheme for the same value of average sig-
nal-to-noise ratio (SNR) per diversity branch. 
   Another problem discussed is the problem of parti-
al interference cancellation. It is well known that the 
multiple access interference can be efficiently estim-
ated by the partial parallel interference cancellation 
procedure and then partially be cancelled out of the 
received signal on a stage-by-stage basis for DS-
CDMA system [20]. 

   To ensure good performance, the partial cancellati-
on factor for each partial parallel interference cancel-
lation stage needs to be chosen appropriately, where 
the partial cancellation factor should be increased as 
the reliability of the multiple access interference esti-
mates improves. There are some papers on the selec-
tion of the partial cancellation factors for a detector 
based on the partial parallel interference cancellation. 
In [21]–[23], formulas of the optimal partial cancell-
ation factors were derived through straightforward 
analysis based on soft decisions. In contrast, it is ve-
ry difficult to obtain the optimal partial cancellation 
factors for a detector based on the partial parallel in-
terference cancellation with hard decisions owing to 
their nonlinear character.  
   One common approach to solve the nonlinear prob-
lem is to select an arbitrary partial cancellation factor 
for the first stage and then increase the value for each 
successive stage, since the multiple access interferen-
ce estimates may become more reliable in later stag-
es [20], [24], [25]. This approach is simple, but it 
might not provide satisfactory performance. 
   In this paper, we use Price’s theorem [26], [27] to 
derive a range of the optimal partial cancellation fac-
tor for the first stage in an additive white Gaussian 
noise environment employing the GD designed based 
on GASP [1]–[5], where the lower and upper bound-
ary values of the partial cancellation factor can be ex-
plicitly calculated from the processing gain and the 
number of users of the DS-CDMA. 
   Computer simulation results show that, using the 
average of these two boundary values as the partial 
cancellation factor for the first stage, we are able to 
reach the bit error rate performance (BER) that is ve-
ry close to the potentially achieved BER under the 
use of the GD [28] and surpasses the BER of the real 
partial cancellation factor for DS-CDMA systems di-
scussed in [29]. 
   With this result, a reasonable partial cancellation 
factor can quickly be determined without the use of 
time-consuming Monte Carlo simulations. It is worth 
mentioning that the two-stage GD [30] based on the 
partial parallel interference cancellation using the 
proposed partial cancellation factor at the first stage 
achieves the BER performance comparable to that of 
the three-stage GD based on the partial parallel inter-
ference cancellation using an arbitrary partial cancel-
lation factor at the first stage. 
   In other words, under the same BER performance, 
the proposed approach for selecting the partial cance-
llation factor can reduce the complexity of the GD 
based on the partial parallel interference cancellation. 
Although the partial cancellation factor selection ap-
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proach is derived for an additive white Gaussian noi-
se environment under employing the GD constructed 
on the basis of GASP [1]–[5], it can be applied to 
multipath fading cases [31], [32]. 
   In channel estimation and correlation part, we con-
sider the minimum mean square error (MMSE) GD 
constructed based on the GASP [1]–[5], which takes 
the estimation error of maximum likelihood (ML) 
multiple-input multiple-output (MIMO) channel esti-
mation and receiver spatially correlation into account 
in the computation of MMSE GD and log-likelihood 
ratio (LLR) of each coded bit. Investigation and anal-
ysis needs of the GD are based on the following sta-
tements. 
   The existing soft-output MMSE vertical Bell Lab 
Space Time (V-BLAST) detectors are obtained based 
on perfect channel estimation [33]–[35]. Unfortuna-
tely, the estimated MIMO channel coefficients mat-
rix is noisy and imperfect in practical application en-
vironments [36], [37]. Therefore, these soft-output 
MMSE V-BLAST detectors will suffer from perfor-
mance degradation under practical channel estimati-
on. 
   In [37] the ML symbol detection scheme, which ta-
kes into consideration the channel estimation error 
was investigated when the MIMO channel estimation 
is imperfect. Recently, a MMSE based V-BLAST sy-
mbol detection algorithm, which addresses the imp-
act of the channel estimation error, was discussed in 
[38]. However, no channel coding, decision error 
propagation compensation and spatially channel cor-
relation are considered in [38]. There was made an 
attempt in [39] to overcome the shortcomings of the 
existing soft-output MMSE V-BLAST detectors. The 
soft-output MMSE V-BLAST detector that takes the 
estimation error of ML MIMO channel estimation 
and receiver spatially correlation into account was 
proposed in [39]. 
   In the present paper, we derive the MMSE GD for 
detecting each transmitted symbol and provide the 
method to compute the LLR of each coded bit. When 
compared with the latest modified detection scheme 
version of soft-output MMSE V-BLAST detector di-
scussed in [39], our simulation results show that the 
MMSE GD can obtain sizable performance gain. 
   The organization of this paper is as follows. Secti-
on II presents the system model for quadrature subb-
ranch hybrid selection/maximal-ratio combining and 
selection/maximal-ratio combining schemes, synch-
ronous DS-CDMA system, and MIMO system. Sec-
tion III describes the performance analysis for quad-
rature subbranch hybrid selection/maximal-ratio co-
mbining and hybrid selection/maximal-ratio combin-

ing schemes, in which we obtain the SER expression 
and define the moment generating function of SNR 
per symbol at the output of the GD. Section IV is de-
voted to determination of the partial cancellation fac-
tor for the first stage of the partial parallel interferen-
ce cancellation. Section V deals with a channel esti-
mation and computation of MMSE GD and LLR; al-
so there are some remarks concerning to MMSE GD. 
In Section VI, we compare SER performance for the 
GD under quadrature subbranch hybrid selection/ma-
ximal-ratio combining with the traditional combining 
receiver, the BER performance of the single stage 
GD is compared with that of conventional receiver 
discussed in [29], and the BER performance of diffe-
rent GDs under spatially independent MIMO channel 
and receiver spatially correlated MIMO channel. Fi-
nally, the conclusions are given in Section VII. 
 
 

2   Problem Statement and System 
                        Model 
 
2.1 Selection/Maximal-Ratio Combining 
 
We assume that there are N diversity branches expe-
riencing slow and flat Rayleigh fading, and all of the 
fading processes are independent and identically dis-
tributed. During analysis we consider only the hypo-
thesis  ”a yes” signal in the input stochastic proc-
ess. Then the equivalent received baseband signal for 
the k-th diversity branch takes the following form: 

1H

          Nktntahtx kkk ,,1    , )()()( K=+=  ,          (1) 
where is a 1-D baseband transmitted signal that, 
without loss of generality, is assumed to be real, is 
the channel gain for the k-th branch subjected to Ray-
leigh fading, and is a zero-mean white complex 
Gaussian noise process with two-sided power spect-
ral density

)(ta

kh

)(tnk

2
0N with the dimension Hz

W . 
   At the GD front end, for each diversity branch, the 
received signal is split into its in-phase and quadratu-
re signal components. Then, the conventional hybrid 
selection/maximal-ratio combining scheme is applied 
over all of these quadrature branches, as shown in 
Fig.1. 
   We can present as kh
                         kQkIk jhhh +=                                (2) 

and as )(tnk

                   )()()( tjntntn kQkIk +=  ,                      (3) 

the in-phase signal component  and quadrature   )(txkI
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Figure 1. Block diagram of the generalized receiver under 
quadrature subbranch hybrid selection/maximal-ratio com-
bining and hybrid selection/maximal-ratio combining 
schemes. 
 
 
signal component of the received signal  
are given by 

)(txkQ )(txk

                   ,                      (4) )()()( tntahtx kIkIkI +=
                  .                     (5) )()()( tntahtx kQkQkQ +=

Since  are subjected to independent 
and identically distributed Rayleigh fading,  and 

are independent zero-mean Gaussian random va-
riables with the same variance [27] 

),,1( Nkhk K=

kIh

kQh

                        }|{|
2
1 2

kh hMD =  .                         (6) 

   Further, the in-phase  and quadrature  
noise components are also independent zero-mean 
Gaussian random processes, each with two-sided po-
wer spectral density 

)(tnkI )(tnkQ

2
0N  with the dimension Hz

W  [14]. 
Due to the independence of in-phase  and quadra-
ture channel gain components and in-phase 

and quadrature  noise components, the 
2N quadrature branch received signal components 
conditioned on the transmitted signal are independent 
and identically distributed. We can reorganize the in 
-phase and quadrature components of the channel ga-
ins  and Gaussian noise as and 

, given, respectively, by 

kIh

kQh
)(tnkI )(tnkQ

kh ),,1( Nknk K= kg
)(tξ k

                      (7)        

         (8) 
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   The signal at the output of the GD with quadrature 
subbranch hybrid selection/maximal-ratio combining 
and hybrid selection/maximal-ratio combining sche-
mes takes the following form: 

             ∑
=

=
N

k
kk

g
MRCQBHS gctstZ

2

1

222
/ )()(

                                       (9) ∑
=

−+
N

k
kkkk tξtηgc

2

1

2222 )]()([

where is the background noise [5] for-
ming at the output of the generalized detector for the 
k-th branch; 

)()( 22 tξtη kk −

            (10) 
⎪⎩

⎪
⎨
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=
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k

K

K

)(tηk is the reference zero-mean white complex Gau-
ssian noise process with two-sided power spectral de-
nsity 2

0N with the dimension Hz
W introduced according 

to GASP [2]; }1,0{∈kc and 2L of equal to 1. kc
 
 
2.2   Synchronous DS-CDMA System 
 
Consider a synchronous DS-CDMA system employ-
ing the GD with K users and a processing gain N. 
The following form can present the received signal:  

∑
=

+=
K

k
kkkk tntcbhStx

1
)()()(  

         ∑∑
==

+−=
N

i
cki

K

k
kkk tniTtacbhS

11
),()( ],0[ bTt ∈  

(11) 
where is the received signal amplitude for the k-th 
user, represents the transmitted bit taking value on 

kS

kb
1± equiprobably, is a random sprea-

ding code with each element taking value on
},...,,{ 21 kNkk ccc

N
1± equ-

iprobably, is a normalized chip waveform of du-
ration , 

)(ta
cT

                                       (12) ∑
=

−=
N

i
ckik iTtactc

1
)()(

is the signature waveform of the k-th user, is the 
zero mean additive white Gaussian noise with the po-
wer spectrum density , as before, and

)(tn

05.0 N cb NTT =  
is the bit duration. 
   Using the GD based on the multistage partial paral-
lel interference cancellation for the DS-CDMA syst-
em and assuming that the user l is the desired user, 
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we can express the corresponding output of the GD 
in according to GASP as follows: 

                   (13) ∫ ∫ −−=
b bT T

ll dtτtxtxdttctxZ
0 0

)()()()(2

where is the delay factor that can be neglected for 
simplicity of analysis. For this case, we have 

τ

llllll

K

lk
klkkkllll ζIbhSζρbhSbhSZ ++=++= ∑

≠

     

(14) 
where 

                                               (15) ∫=
bT

lkkl dttctcρ
0

)()(

is the coefficient of correlation between signature 
waveforms of the k-th and l-th users; 

                                     (16) ∫ −=
bT

ll tctξtηζ
0

22 )()]()([

is the total noise component at the output of the GD, 
where is the background noise forming 
at the output of the universally adopted GD [5] –  he-
re is the noise forming at the output of the preli-
minary filter (PF) of input linear tract of the GD, 

is the noise forming at the output of the  additio-
nal filter (AF) of input linear tract of the GD; the noi-
se and are uncorrelated between each other 
owing to choice of amplitude-frequency responses 
and parameters of the PF and AF and have the same 
statistical characteristics as the noise at the input 
of the GD [2]; 

)()( 22 tξtη −

)(tξ

)(tη

)(tξ )(tη

)(tn

                                                 (17) ∑
≠

=
K

lk
klkkkl ρbhSI

is the multiple access interference. 
   Denoting the soft and hard decisions of the GD 
output for user l by  
              ll Zb =)0(~     and               (18) )(ˆ )0(

ll Zsgnb =
respectively, the output of the first partial parallel in-
terference cancellation stage with a partial cancellati-
on factor equal to can be written by [20] 1a
   llllll IaZbaIZab ˆ~)1()ˆ(~

1
)0(

11
)1( −=−+−=       (19) 

where )1(~
lb denotes the soft decision of the user l at 

the first stage of partial parallel interference cancella-
tion and 

                                                  (20) ∑
≠

=
K

lk
klkkl ρbSI )0(ˆˆ

is the estimated multiple access interference using 
hard decision. 
 

2.3   MIMO System 
 
In a MIMO system with transmitter antennas and 

receiver antennas, the received signal can be exp-
ressed in the following form: 

TN

RN

                 ,                  (21) ∑
=

+=+=
TN

k
kk a

1

nhnHay

where 
                                            (22) T

NR
yyy ],,,[ 21 K=y

is the received signal vector; 
                                          (23) T

NT
],,,[ 21 hhhH K=

is the TR NN × MIMO channel coefficients matrix 
with elements denoting the channel fading coeffi-
cient between the k-th transmitter antenna and the l-
th receiver antenna.  

lkh ,

   In this paper, we adopt the following receiver spati-
ally correlated MIMO channel model 
                               wHRH r=                           (24) 
with denoting an independent and identically dist-
ributed matrix with entries obeying Gaussian law 
with zero mean and unit variance, and is 

wH

rR RR NN ×  
receive array correlation matrix determined by 
                         H)( rrr RRR =  .                   (25) 
Then, we have 
                          ,                    (26) rRHH T

H NM =}{
where }{⋅M is the mathematical expectation. The cha-
nnel is considered to be flat fading with coherence ti-
me of )( DP NN + MIMO vector symbols, where  
symbol intervals are dedicated to pilot matrix and 

the remaining  to data transmission. 

PN

pS

DN
                                            (27) T

TNaaa ],,,[ 21 K=a
is the transmitted complex signal vector whose elem-
ent is taken from a complex modulation constellation 
F , such as quadriphase shift keying (QPSK) signal, 
by mapping the coded bit vector 
                                     (28) TM

kkkk ][ 2log21 ,,, gggg K=
to one modulation symbol belonging toF , i.e., 
                        F∈= )(map kka g  .                      (29) 
   Meanwhile, we assume that each transmitted symb-
ol is independently taken from the same modulation 
constellation and has the same average energy, i.e., 
                       .                         (30) TNa

H EM Iaa =}{
Finally, 
                                            (31) T

NR
nnn ],,,[ 21 K=n
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is the additive white Gaussian noise (AWGN) vector 
with covariance matrix determined by 
                         .                       (32) 

RNn
H σM Inn 2}{ =

TNI and are the identity matrices. 
RNI

 
 

3   Performance Analysis 
 
3.1   Symbol Error Rate Expression 
 
Let denote the instantaneous signal-to-noise ratio 
per symbol of the k-th quadrature branch 

kq
,,1( K=k  

at the output of the GD under quadrature subbr-
anch hybrid selection/maximal-ratio combining and 
hybrid selection/maximal-ratio combining schemes. 
In line with [2], this instantaneous (SNR) can be 
defined as 

)2N

kq

                            2

44
k

n

b
k g

σ

E
q =  ,                        (33) 

where is the average symbol energy of the trans-
mitted signal . Assume that we choose 2L

bE
)(ta L≤1(  

quadrature branched out of the 2N branches. 
Then, the SNR per symbol at the GD output at quad-
rature subbranch hybrid selection/maximal-ratio co-
mbining and hybrid selection/maximal-ratio combin-
ing schemes may be presented as 

)N≤

                         ,                   (34) ∑
=

=
L

k
kMRCQBHS qq

2

1
)(/

where are the ordered instantaneous SNRs and 
satisfy the following condition 

)(kq kq

                      .                    (35) )2()2()1( Nqqq ≥≥≥ L

When , we obtain the maximal-ratio combiner, 
as expected. 

NL =

   Using the moment generating function method dis-
cussed in [11] and [40], the SER of an M-ary pulse 
amplitude modulation (PAM) system conditioned on 

 is given by MRCQBHSq /

πM
MqP MRCQBHSs  

)1(2)( /
−

=  

                ∫ −−×
π

MRCQBHS
PAMM dθq
θ

g5.0

0
/2 )(

sin
exp  ,   (36) 

where 

                         
1

3
2 −

=− M
g PAMM  .                     (37) 

Averaging (36) over , the SER of the M- 

ary pulse amplitude modulation system is determined 
in the following form: 

MRCQBHSq /

  
πM

MPs
)1(2 −

=  

      ∫ ∫
∞

−−×
π

q
PAMM dqdθqfq
θ

g
MRCQBHS

5.0

0 0
2 )(

sin
exp

/
)(  

      ∫ −−
−

=
π

PAMM
MRCQBHSq dθ

θ
g

φ
πM

M 5.0

0
2/ )(

sin 
)1(2  ,  (38) 

where 
                        }{ )exp()( sqMsφ qq =                    (39) 
is the moment generating function of random variab-
le q, }{⋅qM is the mathematical expectation of the 
moment generating function with respect to SNR per 
symbol. 
   When 2=M , the average BER performance of a 
coherent binary phase-shift keying (BPSK) system 
using the quadrature subbranch hybrid selection/ma-
ximal-ratio combining and hybrid selection/maximal-
ratio combining schemes can be determined in the 
following form: 

            ∫ −=
π

qb dθ
θ

φ
π

P
MRCQBHS

5.0

0
2 )(

sin
11

/
 .        (40) 

 
 

3.2   Moment Generating Function of  QBHS/MRCq
 
Since all of the 2N quadrature branches are indepen-
dent and identically distributed, the moment genera-
ting function of takes the following form 
[13]: 

MRCQBHSq /

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

L
N

Lsφ
MRCQBHSq 2

2
2)(

/
 

     , (41) ∫ −−×
π

LNL dqqFqsφqfsq
5.0

0

)(212 ][][ )(),()()exp(

where and are, respectively, the probability 
density function and the cumulative distribution fun-
ction of q, the SNR per symbol, for each quadrature 
branch, and 

)(qf )(qF

                                     (42) ∫
∞

=
q

dxxfsxqsφ )()exp(),(

is the marginal moment generating function of the 
SNR per symbol of a single quadrature branch.  
   Since andkg ),,1( Nkg Nk K=+ follow a zero-mean 
Gaussian distribution with the variance given by 
(6), one can show that and follow the Gamma 

hD

kq Nkq +
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distribution with probability density function given 
by [27] 

          
⎪
⎩

⎪
⎨

⎧

≤

≥−
=

,  0                               , 0 

0     , )exp(1 
)(

q

qqπ
β
q

qqf         (43) 

where 

                               
44

2

n

hb

σ

DE
q =                             (44) 

is the average SNR per symbol for each diversity 
branch.  
   Then the marginal moment generating function of 
the SNR per symbol of a single quadrature branch 
can be determined in the following form: 

           )( 1 
1

1),( q
q

qserfc
qs

qsφ −

−
=            (45) 

and the cumulative distribution function of q becom-
es 

        )( 1),0(1)(
q
qerfcqφqF −=−=  ,            (46) 

where 

                  ∫
∞

−=
x

dtt
π

xerfc )exp(2)( 2                  (47) 

is the error function. 
 
 

4   Determination of the Partial  
          Cancellation Factor  
 
In this section we determine the partial cancellation 
factor for the first stage of the partial parallel interfe-
rence cancellation. From [20] and [29], the linear 
MMSE solution of the partial cancellation factor for 
the first stage of the partial parallel interference can-
cellation is given by 

               
0,21,11

2
0,2

2
1,1

0,21,11
2

0,2
opt,1 2 σσρσσ

σσρσ
a

−+

−
=              (48) 

where 
                                      (49) })ˆ{( 22

1,1 lll IζIMσ −+=
is the power of the residual multiple access interfere-
nce plus the background noise forming at the output 
of the GD at the first stage, denotes the mean; }{⋅M
                                            (50) }){( 22

0,2 ll ζIMσ +=
is the power of the true multiple access interference 
plus the background noise forming at the output of 
the GD (also called the 0-th stage); 
                (51) )})(ˆ{(0,21,11 lllll ζIIζIMσσρ +−+=

is the correlation between these two interference 
terms. It can be rewritten as 
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≠

+
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vlvlv bζρMS

where is the BER of user u at the corresponding 
output of the GD; 

ueP ,

    
N

ρMPbbM ulueuu
1}{    and    21}ˆˆ{ 2

,
)0()0( =−=  .  (53) 

We drop here the channel gain . We analyze this 
factor in detail in next Section. 

kh

   The partial cancellation factor can be regard-
ed as the normalized correlation between the true 
multiple access interference plus the background noi-
se forming at the output of the GD and the estimated 
multiple access interference. 

opt,1a

   Assume that 
                                                            (54) K

kkb 1}{ ==b
is the data set of all users; 
                                                         (55) K

lkklρ 1,}{ ==ρ
is the correlation coefficient set of random sequences 
      )},,|~{(),|~( 2)0()0(

,|~ )0( σbMNbf vvbv
ρρ

ρ
bb

b
=    (56) 

is the conditional normal probability density function 
of )0(~

vb given b and ρ and ),|~,~( )0()0(
,|~,~ )0()0( ρ
ρ

b
b vubb

bbf
vu

 

is the conditional joint normal probability density fu-
nction of )0(~

ub and )0(~
vb given b and ρ . Following the 

derivations in [20] and [29], the expectation terms 
with hard decisions in (52) can be evaluated based on 
Price’s theorem [27] as follows 

}ˆˆ{ )0()0(
vuvlul bbρρM  

}}|},|ˆˆ{{{ )0()0( ρρbvuvlul bbρρMMM=  

                         (57) }}|)12(ˆ{{ )0( ρ−= vuvlul QbρρMM

}}|},|ˆ{{{}ˆ{ )0()0( ρρbvlvlvlvl bζρMMMbζρM =  
                           }}|),|0({{2

,|)0(~
22 ρρ

ρ
b

bvbvl fρMMσ=

(58) 
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}ˆˆ{ )0()0(
vuvlul bbρρM   

           }}|},|ˆˆ{{{ )0()0( ρρbvuvlul bbρρMMM=

            ),|0,0(4[{{
,|)0(~,)0(~

2 ρ
ρ

b
bvbubuvvlul fσρρρMM=

           }}|)]12)(12( ρ−−+ vu QQ                         (59) 
where 

                   )( },|~{ )0(

σ
bM

QQ l
l

ρb
−=                  (60) 

and 
                                              (61) 42 4}{ nl σζVarσ ==
is the variance of the total background noise forming 
at the output of the GD; is the variance of the add-
itive Gaussian noise at the outputs of the PF and AF 
of linear tract of the GD;  

2
nσ

                ∫
∞

−=
x

dtt
π

xQ )5.0exp(
2
1)( 2                 (62) 

is the probability integral. 
   Although numerical integration in [20], [22], and 
[29] can be adopted for determining the optimal par-
tial cancellation factor  for the first stage based 
on (52)-(59), it requires huge computational comple-
xity. To simplify this problem, we assume that the 
total background noise forming at the GD output can 
be considered as a constant factor and may be small 
enough such that the Q functions in (57) and (59) are 
all constants and (58) can be approximated to zero. 
That is 

opt,1a

          2

2
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where [41] 
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With this, we can rewrite (57) and (59) as follows: 
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where and are constants. According to the assu-
mptions made above, 

1B 2B
),|0,0(

,|~,~ )0()0( ρ
ρ

b
bvu bb

f  can be 

expressed by 
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Since is a positive semi-definite matrix, i.e., 1−
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With the above results, 
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where [41] 
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we can derive a range of as follows: opt,1a
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(76) 
If the power control is perfect, i.e., 
               euevu PPSSS === ,     and                    (77) 
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and is approximated by the BER of high SNR ca-

se, i.e., the 
eP

)( 1−K
NQ function [42] and [43],  (38) can 

be rewritten as 
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opt,1
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     (78) 

It is interesting to see that the lower and upper boun-
dary values can be explicitly calculated from the pro-
cessing gain N and the number of users K. 
 
 

5   MMSE GD  
 

5.1   Channel Estimation 
 
It was proved that for ML MIMO channel estimator 
the optimal pilot matrix minimizing the mean square 
estimation error is an orthogonal pilot matrix [36], 
[37]. Under the use of the pilot matrix, i.e., 
                        ,                       (79) 

TNPP
H
pp NE ISS =

where and is the energy of each pilot sy-
mbol, the estimated channel matrix can be expressed 
as [36], [37] 

TP NN ≥ PE

                              ,                          (80) HHH Δ+=ˆ
where 
                                           (81) 1)( −=Δ PP

H
p NEnSH

is the channel estimation error matrix, which is corre-
lated with the matrix H and with entries subjected to 
Gaussian distribution with zero mean and variance                      
                          ,                   (82) 122 )( −

Δ = PPnh NEσσ
which is determined independent of instantaneous 
channel realization. We can conclude that H  is a co-
mplex Gaussian matrix with zero mean and covarian-
ce matrix 

ˆ

       .  (83) )(}{][ 2ˆˆˆ
RNhT

H σNMCov IRHHH r Δ+==

   Let nd denote the m 
-th column of matrices H,  and , respectively. 
Then, by the important properties of complex Gauss-
ian random vector [44] and with some manipulations, 
we obtain 

mm hh Δ, a ),,2,1( ,ˆ
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5.2   Computation of MMSE GD 
 
Let },,2,1{ Ti Nk K∈ be the index of the i-th detected 
spatial data stream according to the maximal post-de-
tection signal-to-interference-plus-noise ratio (SINR) 
ordering rule. Denote and as the mean and va-

riance of the signal , respectively, which can be 
determined by a posteriori symbol probability estim-
ation as in [35]. By performing the soft interference 
cancellation (SIC) [35] and considering channel esti-
mation error, corresponding interference-cancelled 
received signal vector 

jaμ
2

jaσ

ja

iky~ can be determined in the 
following form: 
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   Then, conditionally on , the MMSE GD is given 
as [45], [46] 
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(87) 
where  is the zero mean Gaussian noise with the 
following covariance matrix in general case [2], [5] 
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Thus, according to (86) and (88), we can write 
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   Based on results of Section 5.1, it is evidently that 

jhΔ  is only correlated with . Then, we have jĥ

           .     (90) }{}{ ˆ|ˆ| j
H
jj

H
jj MM hhhHhh ΔΔ=ΔΔ

From the basic relationship between the autocorrela-
tion and covariance functions, we have 

}{}{ ˆ|ˆ| j
H
jjj

H
jj CovM hhhhhh ΔΔ=ΔΔ  

                     .         (91) }{}{ ˆ|ˆ| j
H
jjj MM hhhh ΔΔ+

Substituting (84) and (85) into (91), we can write 
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1242 )(ˆ| }{ −
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Introduce the following notations 
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   Substituting (84) and (92) into (89) and taking into 
consideration (93)-(95), we have 
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where the notation  denotes the submatrix con-
taining the n-th to m-th columns of the matrix H. Ba-
sed on similar manipulations, we can write 

mn:H

                      ΞhHy H
kb

H
kk iii

EaM ˆ}ˆ|~{ =  .              (97) 
Combining (96) and (97), we obtain the MMSE GD 

iW~ , conditionally on . Ĥ
 
5.3   Computation of LLR 
 

By applying iW~  to 
iky~ , we have the process at the 

output of the MMSE GD [45], [46] 
                                 

ii kikz yW ~~~ =  .                       (98) 
According to the Gaussian approximation of the 
MMSE GD output process, we can write 
                           

iiii kkkk ηaμz ~~~ +≈  ,                     (99) 
where 
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and 

ikη~ is a zero-mean complex Gaussian random va-
riable with variance 
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~
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   Therefore, the LLR value of the coded bit can 
be approximated as [33], [34] 
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(102) 
where and denote the modulation constellation 
symbols subset of

0
λF 1

λF
F whose -th bit equals 0 and 1, 

respectively. 
λ

 
 

5.4   Remarks 
 
When the channel estimation error is  neglected,  i.e.,  

02 =Δhσ in (93), (94) and (96), the MMSE GD given 
by (87) reduces to that of the modified soft-output 
MMSE GD, in which only decision error propagation 
is considered [46]. On the other hand, if

RNIR r = and 
no residual interference cancellation error is assumed 
the MMSE GD of (87) reduces to that of [45]. For 
the sake of simplicity, we call this detector as the co-
nventional soft-output MMSE GD hereafter if this 
detector is applied in channel coded MIMO system. 
Meanwhile, if both decision error propagation and 
channel estimation error are neglected, the MMSE 
GD of (87) reduces to that of the conventional 
MMSE GD of [47]. 
 
 

6   Simulation Results 
 
6.1   Selection/Maximal-Ratio Combining  
 
In this subsection we discuss some examples of the 
GD performance under quadrature subbranch hybrid 
selection/maximal-ratio combining and hybrid selec-
tion/maximal-ratio combining schemes and compare 
with the conventional hybrid selection/maximal-ratio 
combining receiver. 
   The average SER of coherent BPSK and 8-PAM 
signals under processing by the GD with quadrature 
subbranch hybrid selection/maximal-ratio combining 
and hybrid selection/maximal-ratio combining sche-
mes as a function of average SNR per symbol per di-
versity branch for various values of 2L and 82 =N  is 
presented in Fig.2. It is seen that the GD performance 
with quadrature subbranch hybrid selection/ maximal 
-ratio combining and hybrid selection/maximal-ratio 
combining schemes with achieves virt-
ually the same performance as the GD with tradition-
al maximal-ratio combining, and that the performan-
ce with 

)4,3(),( =NL

)4,2(),( =NL is typically less than 0.5 dB in 
SNR poorer than the GD with traditional maximal-
ratio combining in [19]. Also, a comparison with the 
traditional hybrid selection/maximal-ratio combining 
receiver [6] is made. Advantage of GD employment 
is evident. 
   Average SER of coherent BPSK and 8-PAM sig-
nals under processing by the GD with quadrature su-
bbranch hybrid selection/maximal-ratio combining 
and hybrid selection/maximal-ratio combining sche-
mes as a function of average SNR per symbol per di-
versity branch for various values of 2N with 42 =L is 
shown in Fig.3. We note the substantial benefits of 
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increasing the number of diversity branches N for fi-
xed L. Comparison with the traditional hybrid selec-
tion/maximal-ratio combining receiver [6] is made. 
Advantage of GD employment is evident. 
   Comparative analysis of the average BER as a fun-
ction of the average SNR per bit per diversity branch 
of coherent BPSK signals under the use of the GD 
with quadrature subbranch hybrid selection/maximal-
ratio combining and hybrid selection /maximal-ratio 
combining schemes and the GD with traditional hyb-
rid selection/maximal-ratio combining scheme for 
various values of L with is presented in Fig.4.     4=N
 
 

 
 
Figure 2. Average SER of coherent BPSK and 8-PAM for 
the GD under quadrature subbranch hybrid selection/maxi-
mal-ratio combining and hybrid selection/maximal-ratio 
combining schemes versus the average SNR per symbol 
per diversity for various values of 2L with . 82 =N
 
 
   To achieve the same value of average SNR per bit 
per diversity branch, we should choose 2L quadrature 
branches for the GD with quadrature subbranch hybr-
id selection/maximal-ratio combining and hybrid sel-
ection/maximal-ratio combining schemes and L dive-
rsity branches for the GD with traditional hybrid sel-
ection/maximal-ratio combining scheme. 
   Figure 4 shows that the performance of the GD with 
quadrature subbranch hybrid selection/maximal-ratio 
combining and hybrid selection/maximal-ratio combi 

 
 
Figure 3. Average SER of coherent BPSK and 8-PAM for 
the GD under quadrature subbranch hybrid selection/maxi-
mal-ratio combining and hybrid selection/maximal-ratio 
combining schemes versus the average SNR per symbol 
per diversity for various values of 2N with 42 =L . 
 
 
 
ning schemes is much better than that of the GD with 
traditional hybrid selection/maximal-ratio combining 
scheme, about 0.5 dB to 1.2 dB when L is less than 
one half  N. This difference decreases with increasing 
L. This is expected because when  we obtain 
the same performance. Some discussion of the incre-
ases in GD complexity and power consumption is in 
order.  

NL =

   We first note that the GD with quadrature subbr-
anch hybrid selection/maximal-ratio combining and 
hybrid selection/maximal-ratio combining schemes 
requires the same number of antennas as the GD with 
traditional hybrid selection/maximal-ratio combining 
scheme. On the other hand, the former requires twice 
as many comparators as the latter, to select the best 
signals for further processing. However, the GD des-
igns that process of the quadrature signal components 
will require 2L receiver chains for either the GD with 
quadrature subbranch hybrid selection/maximal-ratio 
combining and hybrid selection/maximal-ratio comb-
ining schemes or the GD with traditional hybrid sele-
ction/maximal-ratio combining scheme. Such receiv-
er designs will use only little additional power, as the  
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Figure 4. Comparison of the average BER of coherent 
BPSK and 8-PAM for the GD under quadrature subbranch 
hybrid selection/maximal-ratio combining and hybrid sele-
ction/maximal-ratio combining schemes for various values 
of 2L with . 8=N
 
 
GD chains consume much more power than the com-
parators.  
   On the other hand, the GD designs that implement 
co-phasing of the branch signals without splitting the 
branch signals into the quadrature components will 
require L receiver chains for the GD with traditional 
hybrid selection/maximal-ratio combining scheme 
and 2L receiver chains for the GD with quadrature 
subbranch hybrid selection/maximal-ratio combining 
and hybrid selection/maximal-ratio combining sche-
mes, with corresponding hardware and power consu-
mption increases. 
 
 
6.2   Synchronous DS-CDMA System 
 
To demonstrate the usefulness of the range of the op-
timal partial cancellation factor given by (78), we pe-
rformed a number of simulations for a synchronous 
DS-CDMA system with perfect power control. In the 
simulations, the random spreading codes with length 

were used for each user and the number of 
users was [48].  

64=N
40=K

 

 
 

 
 
Figure 5. The BER performance of the single-stage GD 
based on the partial parallel interference cancellation with 
hard decisions for different SNRs and partial cancellation 
factors. 
 
 
    Figure 5 shows the BER performance of the single 
-stage hard-decision GD based on the partial parallel 
interference cancellation for different magnitudes of 
SNR and various values of partial cancellation fact-
ors, where the optimal partial cancellation factor for 
the first stage lies between 0.3169 (lower boundary) 
and 0.7998 (upper boundary). It can be seen that, for 
all the SNR cases, the GD based on the partial parall-
el interference cancellation using the average of the 
lower and upper boundary values, i.e., 0.5584, as the 
partial cancellation factor, has close BER performan-
ce to that using the optimal partial cancellation factor 
Also, the comparative results under GD employment 
in DS-CDMA systems with the detector discussed in 
[29] are presented. These results show us a great sup-
eriority of the GD employment in comparison with 
detector investigated in [29]. 
   Figure 6 shows the BER performance at each stage 
for the three-stage GD based on the partial parallel 
interference cancellation using different partial can-
cellation factors at the first stage, i.e., the average va-
lue and an arbitrary value. The partial cancellation 
factors for these two three-stages cases are  
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Figure 6. The BER performance at each stage for three-
stage GD based on he partial parallel interference cancel-
lation with hard decisions for different partial cancellation 
factors at the first stage, i.e., the average value and an arbi-
trary value. 
 
 
 

                         (103) 
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respectively. 
   The results demonstrate that the BER performances 
of the GD employed by DS-CDMA systems of the 
cases using the proposed in [29] partial cancellation 
factor at the first stage are better than the BER perfo-
rmances of the GD implemented in DS-CDMA syst-
em using an arbitrary partial cancellation factor at the 
first stage. Furthermore, the BER performance of the 
GD at the second stage for the case using the propos-
ed in [29] the partial cancellation factor at the first 
stage achieves the BER performance of the GD com-
parable to that of the three-stage GD based on partial 
parallel interference cancellation using an arbitrary 
partial cancellation factor at the first stage. 
 
 
6.3   MIMO System 
 
We choose the 0.5 rate Low Density Parity Check 
(LDPC) code with a block length of 64800 bits, 
which is also adopted by DVB-S.2 standard [49]. 

QPSK modulation with Gray mapping is adopted in 
4== RT NN MIMO system. Meanwhile, we set  2

hσΔ
1= , TP NN = , and SP EE = . The channel is genera-

ted with coherence time of  MIMO 
vector symbol intervals, and then a LDPC codeword 
is transmitted via 100 channel coherent time intervals 
for QPSK modulation. 

85=+ DP NN

 
 

 
Figure 7. BER performance of different detectors under 
a)spatially independent MIMO channel and b)receiver 
spatially correlated MIMO channel: 1–MMSE GD; 2–
MMSE GD [46]; 3–MMSE GD [45]; 4–MMSE GD [47]; 
5–MMSE V-BLAST detector [39]. 
 
 
 
   For GD spatially correlated MIMO channel the GD 
array correlation matrix with the following elem-
ents is adopted [50] 

rR

 

⎪
⎪
⎩

⎪
⎪
⎨

⎧

−−=
+−==

+===
=== ∗

j
j

j
nmnmnmnn

0015.04527.0)4,1(
5490.03642.0)4,2()3,1(

7766.04290.0)4,3()3,2()2,1(
4,3,2,1, ),,(),( ,1),(

r

rr

rrr

rrr

R
RR

RRR
RRR

 

(104) 
   The performance comparison, in terms of BER, of 
the proposed soft-output MMSE GD (the curve 1), 
the modified soft-output MMSE GD [46] (the curve 
2), the conventional soft-output MMSE GD [45] (the 
curve 3), and the conventional MMSE GD [47] (the 
curve 4) is presented in Fig.7 for spatially independ-
ent MIMO channel and receiver spatially correlated 
MIMO channel. Also, a comparison with the soft-
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output MMSE V-BLAST detector discussed in [39] 
is made.    
   The proposed MMSE GD outperforms all the exist-
ing schemes with considerable gain, especially for 
receiver correlation MIMO channel scenario. The un-
derlying reason of this improvement is that the 
MMSE GD, by taking channel estimation error, deci-
sion error propagation and channel correlation into 
account, can output more reliable LLR to channel 
decoder. As channel estimation error is the dominant 
factor influencing the system performance under the 
lower SNR region, it can observed that the BER of 
the conventional soft-output MMSE GD [45] is slig-
htly better than that of the modified soft-output 
MMSE GD in the case of spatially independent 
MIMO channel. 
 
7   Conclusions 
 
In this paper, the performance of the GD with quadr-
ature subbranch hybrid selection/maximal-ratio com-
bining and hybrid selection/maximal-ratio combining 
schemes for 1-D signal modulations in Rayleigh fad-
ing is investigated. The SER of M-ary pulse amplitu-
de modulation, including coherent BPSK modulati-
on, is derived. 
   Results show that the GD with quadrature subbr-
anch hybrid selection/maximal-ratio combining and 
hybrid selection/maximal-ratio combining schemes 
performs substantially better than the GD with tradi-
tional hybrid selection/ maximal-ratio combining 
scheme, particularly when L is smaller than one half 
N, and much better than the traditional hybrid selecti-
on/maximal-ratio combining receiver. 
   We have also derived a range of the optimal partial 
cancellation factor for the GD first stage based on the 
partial parallel interference cancellation which is em-  
ployed by DS-CDMA system, with hard decisions in 
AWGN environment. Computer simulation results  
shown that the BER performance of the GD  employ-
ed by DS-CDMA system of the case using the avera-
ge of the lower and upper boundary values is close to 
the BER performance of the GD of the case using the 
real optimal partial cancellation factor, whether the 
SNR is high or low.  
   It has also been shown that the GD employment in 
DS-CDMA system allows us to observe a great supe-
riority over the detector discussed in [29]. The proce-
dure discussed in [29] is also acceptable under the 
GD employment by DS-CDMA systems. It has also 
been demonstrated that the two-stage GD based on 
the partial parallel interference cancellation using the 
proposed in [6] the partial cancellation factor at the 

first stage achieves the GD BER performance comp-
arable to that of the three-stage GD based on the par-
tial parallel interference cancellation using an arbitra-
ry partial cancellation factor at the first stage.  
   This means that under the same BER performance, 
the number of stages (or complexity) required for the 
multistage GD based on the partial parallel interfere-
nce cancellation can be reduced when the proposed 
in [29] partial cancellation factor is used at the first 
stage. As well as AWGN environments, it can be 
shown that the proposed in [29] partial cancellation 
factor selection approach is applicable to multipath 
fading cases under GD employment in DS-CDMA 
systems even if non-perfect power control is assum-
ed. 
   The proposed MMSE GD outperforms all the exist-
ing schemes with considerable gain especially for re-
ceiver correlation MIMO channel scenario. The un-
derlying reason of this improvement is that the 
MMSE GD, by taking channel estimation error, deci-
sion error propagation, and channel correlation into 
account, can output more reliable LLR to channel de-
coder. As channel estimation error is the dominant 
factor influencing the system performance under lo-
wer SNR region, it can observed that the BER of the 
conventional soft-output MMSE GD [45] is slightly 
better than that of the modified soft-output MMSE 
GD in the case of spatially independent MIMO chan-
nel. 
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